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(U) ABSTRACT

The reasons for the selection of the smoothing and dif-

f_ _ntiatlon formulas, which are currently used in calculation

o smooth missile positions, velocities and accelerations, are

s_adied. The formulas are described in detail ant tneir effect

i illustrated. Approximate values of the noise level in _ _

sr oth data are provided and the magnitude of systematlc c_

d_ to =nese procedures is estimated.
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SECTION I. (S) INTRODUCTION

In the analysis of missile test flights, velocities and acceler-

atlons are the bases of many other calculations_ One method of determin-

ing velocities and accelerations is by numerical differentiation of

positlon data° The position ..ata may be obtained from one of several

types of instrumentation° _ data contain random errors of observation

and reauction as well as sys_=,.Latic errors. It _s u_ually necessary to

smooth the data to obtain realistic numerical derivatives. Th_ numerical

_moothlng and differentiation procedures have undergone consid,,rable

_voiutionary change as a result of experience with varied inscrumentacZon,

missile systems, and flight paths. The complexity of the procedures has

£ncr _,_ed greatly. Questione have frequently ariseu concerning the

)re_ _ smoothing and differentiation procedures ana the reaeor,_ for

sin_ :nese procedures° This report provides some answers Dv _ving

:,ome _nsight into the general problem of smoothing and diffezer-iat:

_nd _y description of the currently used procedures.

In analyzing smoothing and differentiation procedures i_ , d_.e'r

o _ve some means of estimat_ag the dispersion of noise in posltion,_

el_cities, and acceleration_ A method has bE devil- fo_ .oing _:

_nd :5 described briefly A -e_hod is also debc:_Ded a .:,pl _d fc_

detv.nlning the systematic errors introduced by =he smoothin_ ,no d

ent _tion procedures

SECTION II. (S) SMOOTHING AND DIFFERENTIATION PROC£5oA_.. LoRR:NTL_

IN USE

:. Development

'h{ smoothing procedures now in use in :_e Data Redrct:.on

generally use moving arc smoothing formulas. In " .s ope[atio_ a ':u:_

[s :itted to an arbitrary number of points which =re _=_a ..... rial .-

at _ fixea time interval and represent a segment ot a _ir_ ..:s. "

or re points, usually the central point, is adjustea t_ . _va e_

:o r,_ fitted curve. Then the curve fit formula is snifteG ,_g _L

=im_ _eries so that one new point is added to the set and on_ _td p_

at :...eother end of the series is removed. The fitting and acjustm_

procedure is then reapplied to the new set, leading to the ac u_tmen-:

a point ad3acent to the previously adjusted point. This procedurc :-r

be co;,t_naed over a major pot=ion of a time series. This poin_-by-p:_,

moving arc smoothing reduces the discontinuities due to end etfects t

a minimum by distributing them among all the intervals.

The early smoothing procedures employed involved unweighted poly-

nomial approximation by least squares and orthogonal polynomial for_._.

Later it was found that the smoothing formulas derived by L. S. Dede:

(Ref i) were convenient and gave superior resul_s. The goal of a _

ing ,...-mula is to increase the smoothness bf the data without excessl
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ln_siT_ _he _djustments necessary to achieve this smoothness. The

smoothness snd _djustments .may be m_asured in terms of the magnitude of

th, n th o_er differences and the magnitude of _he _'esidual_

'he _locities and _ccel_ _ : _ calculated by nu_r_'a _ c_ffer -_

i9_ frequently showed %_i " _ations of considerable a p it_de

at _n or reduct o_: of _h_se oscillations, which were considered

is,,c, was requited The amplitude of these oscillations increased

_y '._th an incr=asing degree of the smoothing formula. Thus it was

_bl_ to use as low a degree as possible without causing gross

:_ti_ of the original data it was found that a degree lower titan

c_ Id not be used with the point spreads that were being considered

_d de :_ree Dederick smoothing formulas of increasing point spread

,_pp _ed to actual data. In that way a high degree of local

nne_,_ could be achieved while the data still contained very distinct

o _at-ons of considerable amplitude° It was apparent that the

_at. >ns could be reduced by increasing the point spread of the

a d, ;_ree smoothing so as to encompass several oscillations. Tbus

_rm .a would not be able to follow the individual oscillations end

th....fore reduce their amplitudes. Our smoothing for_ula was

•ed to cover a 20-second time interval in order to _.omplish this

io _n the oscillations° One-tenth of a second ti_.e steps _=_: s

a point smoothing formul, This large number of "points ....;d

_he _Iculation time on a ,na_ ,ne appreciable and the build.- _f

a-.o_f e_rors might be appreciaole also The difficulty was

= ._vlat DV using a i01 point, second degree smoothing formula w_ich

use_ eve_' second point in the sequence° A further improvement in _he

]c sm_o_nness ot the velocities and accelerations was achieved b_

a econd p_ss smoothing of forty-one 9oints _nd second degree

_hl _moo_h_ng procedure has _e disaa _tage of not being aoie to

"re any physlcal fluctuatio_ e_ving a _riod and amplitude s_m:lar

less :ha_ that of the oscil .colons. Tae characteristic Math one

ba:_,e is of sufficient period and amplitude to remain distin¢:

_:er_ the cnazacteristic engine cutoff pattern would be grossly

:re, ,_ _his s_.oothing procedure. In order to preserve the

:te-,_tic engine cutoff pattern, the point spread of the smoo_hing

:re_ _d in steps as the time of cutoff is approached° After cutoff

the eoznt spread is increased in steps back to that of the general

._a_ Although this permits the preservation of the general

;cterzstic pattern it leaves both noise and oscillations in the data

c_e vicinity of cutoff. Smoother values of accelerations are

:e_:able for use in other calculations. Therefore a second degree

polynomial is fitted to the ten seconds of acceleration data immedia=ely

preceding cutoff. This polynomial, is evaluated to get smmoth

accelerations for the five seconds immediately preceding cutoff.

Another second degree polynomial is fitted to the ten seconds of

acceleration data inmmdiately foil owing the chamber pressure level,-off

following cutoff. This polynomial is evaluated to get smooth acceleration_

for the five seconds immediately following chamber pressure level-off

_e.

i
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Special procedures are also used for smoothing and differentiation

at the beginning and at the end of the time series. These involve the

use of shorter point spreads and asymmetric formulas

general purpose smoothing and differentiatio_ prog:a_ utilizing

Dede cK coefficients w_ developed in she Test Data Processing Section

Thin _rogram was used in some of our studies. It was possible to

=ele any point spread up through twenty-five and any degree _p thro.

four A number of programs utilizing higher point spreads were prepa_

_y _ iron L° Whigham of the Test Data Processing Section for use in _c
_tuG _

_bviously the procedures could be greatly improved if the oscii[_

_.ior _ouid be kept from developing° It has been discovered that some

_ontr,bu_ion to the oscillations may be due to roundoff exceeding the

-el_ _ve accuracy of the data, This phenomenon has been studied and

epor_ed (Ref, 2). It may be possible to eliminate this sourc_ of

sc! _ations. It has also been established that some contribution to

ihe oscillations is due to the smoothing of random noise. Thi=

phero_enon has also been studied and reported (Refo 3). This latter

_sc_ _tion source cannot be easily eliminated since it is due onl>

:o _ r_ndomness of the no_,_ .nd the sampling rate. Other _ource_

osc: _tions in the various _pes of t_acking instrumentation _ so exi_to

Description

The present smoothing _nd differentiation procedures = e

ro_._med for the IBM No_ 709 The ; _put to the program is t_je_=o • .

os:,_on data calculated at a fixed time interval. The progra_ cons_--

_f _wo main parrs "n the first part the position data are smoothe_

n_ irst and s-_ ,D& derivatives are calculated at each time step usi,

:hes smooth=_ positions° In the second part of the program the

zalc :lated velocities and accelerations are smoothed and a second deg___

ur_ fit i_ _sed to obtain smooth accelerations near cutoff time.

e _niclai equations of the first part

Uo-" Uo= Uo= 0 when to _ tto

m

"_o= _ (3Uo + 2u_ + uu - u_) when to > tto (_

__ • _.

d_ = U1 " (U_ - Ul) when tO > tto

,. .. ..

.-_ = Ux - (U_ - UI) when to > tto _'

--r (3_, + 2u_ + us - u_) (5,
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w.y b_ found in Golumn A of Table I,

a

-- Us - Uz
L

ZAt

• LSt2

Z ci Un+l when 3_< n _< 14

_e s may be found in Column B of TaL.ie !

a U--n+: _ Un-:
L_ _ when 3 _ n < 14
_' Idt - -

Un+_ 2Un + Un-z
U,. = when 3 < n _ 14

_t 2 -- _

(6)

(7)

(8_

(9)

(IO)

;r:

(12)

13)

+ 5

Un i Ci Un+ i when 15 _< n _< 24

i=-15

where _:_ C's may be found in Column D of Table i_

Io

Fo ....-n and Un when 15 ..<n _< 24 see Equations (12_ and (13).

_25

i= "_5

Ci Un+ i when 25 < n < 49

(14)

(15)



_oo • oeQ eo

:"
where the C's f in I ab I.

For Un and Un when 25 ..<n < 49 see Equations (12) and (13).

t5o

iv = _ Ci Un+ i when 50 < n _< 99

i=-5o

where _ne C's may be found in Column G of Table io

._, ee

Fc Un and Un when 50 < r._ 99 see Equations (12) and (13).

D. General equations of the first part

+50

i=-50

C i Un+a i when i00 < n <(tco o i01 At)

•re ,e C's may be found in Co.umn G of Table I,

Un+ a - Un. 2

4At

(16)

(_7_

Un+ 2 - 2U n + Un_ 2

2At a

c. Cutoff equations of the first part

_. ..

or Un, Un, Un:

wnen Cco i00 _t _< n _< tcc 3£ At see Equa=ions ILo;, ilz,' (i

when tco- 50 At 5 n _ tco ,_26 At see Equations (15), (12), (13)

+io

I
i=- 10

C i Un_ i when tco o 25 At_ n _ tco + 25 At (20)

•here the C's may be found in Column C of Table i.

_, ,,

For Un, Un when tco - 25 At < n < tco + 25 At see Equations,(12), t_j)
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For Un, Un, Un:

:.....-.--:
: :.. :."

when tco+ 26 At _ n _ tco 50 At see Equations (IS), (12), (13)_

when tco + 51 At _< n < tco ÷ i00 At see Equat£ons (16), (12), (13),

wh.-n tco + I01 At < n < tL - I00 At see Equations (17), (18), (19).

Termi_ml equations of the first part

• oo

Fc Un, U n, Un:

when tL - 99 At < n _< tL - 50 At see Equations (16), (12), (13),

w_n tL ..49 At _< n _< tL - 25 At see Equations (15), (12), (13),

whir, tL - 24 At _< n _< tL - 15 Z_t see Equations (14), (12), (13),

w_ .,_ =L " 14 At ..<n _< tL - 3 At see Equations (ii), (12) ([?'s.

w

+2

i=-_

C i UL_a+i

re _ may be found in Column A of Table i.

U-,

'_JL--i - UL-3

d=L1 L.

o. UL- i " 2UL- e + UL- s

At 2

= _ (3UL-I + 2UL. 2 + UL- s - UL_5)

UI

UL " U"L-a

- Zat

oo

U,
UL " 2_L-l + _L-e

At 2

(Z1)

(22)

(23)

(24)

(25_

(26_
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UL = _ (3UL + 2UL-1 +-UL-e - UL-4) (27)

m

- i2zltl (3_L_4 _ 6UL_ s + 36UL. __ -48_L_ 1 + 25U L) (28)

i _ - _ 35_L )_:1---_-_ (IIUL'4 "56UL's + II4UL'2 104UL"-_ (29)

scontinuities exist in the smooth data at the 2unction _olnts

tw_ _he different _moo_hlng formulas_ These discontinuities resu

....ve wild derivatives at these points. Special treatment was

nece_y at these changeover points when seven point spread smoothing

3r gr_ter was used° A max£mum of four points of velocity and accelera _-

tion ,_re replaced at each junction. These replacements were based on

second degree curve fit through the previous seven points of velocity

and acceleration. The method of least squares was used for the curve

e Junction point replacement equation s

: A o + A 1 t + Am t2

:n = Bo + BI t + Ba t2

where AO, A1, A2, Bo, BI, B2 are the coefficients obtained by the abov

mentioned least squares curve fits.

f. General equations of the second part

+2O

r_ I =Un = Ci Un+ i

i=-aO

when 20 < n < tco - 51 At and

when tCp L + 51 At _< n < tL - 20 At

( 32_

_nere C's may be found in Column E of Table i.

+2o

gn = Ci Un+i

i= -2C

when 20 _ n _ tco - 51 At and

when tCp L + 51 _t _ n _ tL - 20 _t

Jher C's may be found in Column E of Table i°

g. Cutoff equation of the second part

Un= A o + A I t + As t2 when tco- 50 _t _ n _ tco (34"



_ _Is second degree curve fit is obtained by applying the method of

Least _quares to the one hundred points preceding tco.

" - B o + BIt :: r _ when tcp L < n _< tcp L + 50 At (35)

is second degree curve fit is obtained by applying the method of

ast quares to the one hundred points following tcp L.

actuai calculations in the program are carried out in two

stir:,, passes through the data The smoothing of the positioI_s and

c_iculation of velocities and accelerations are done in the first

ss. The application of the various formulas of the first pass to

p_Iticular parts of the trajectory is summarized in Figure I

=ai_s of the application of the smoothing formulas in the first pass

i.lustrated in Figures 3 through 5o

'_e smoothing of velocities and accelerations and the curve fittin_

ac_ ierations in the vicinity of cutoff are done in the second pass

_e application of the various formulas of the second pass to the

,arti, _iar parts of the trajectory is summarized in Figure 2

Effects

the significant factor concerning these smoothing and

aiffe_ _tiatfon procedures is their effectiveness in producing smooth

a-d r istic velocity and acceleration data Figures 6 through

snow _cities which were calculated by the current smoothing an=

:ffe _,_iation program. The data used in the calculations were =t a

_-t _h second time interval whereas the data used in the graphs

e _ected at one second time intervals Figures 9 through 13 _ho,

_me_ ts of the velocity data on a smaller scale in order to illus:rat_

fec _ely the local smoothness. These data are at the one-tenth

econ _ime interval which was used in the calculations. Figures 14

:nrou : 16 show accelerations which were calculated by the curren_

_oot_ing and differentiation program. The data used in the caiculation_
were _t one-tenth second time interval whereas the data used in the

graphs were selected at one-second time intervals_ Figures 17 through

Z! show segments of the acceleration data on a smaller scale in order

_o illustrate effectively the local smoothness° These data are at

e one-tenth second time int_rval which was used in the calculations.

it will be noted that some problem areas remain in these procedures

The discontinuities in accelerations at the end points of the curve

fit data preceding and following cutoff represent a difficulty which

needs further improvement. The noise and oscillations which remain ir

the acceleration data for the period of thrust decay represent another

problem area. These difficulties are clearly manifested in Figures

?0 and 21 and will be eliminated as time permits.

.2

.............. ,,._ ..... i ........... q _ i__ lu . rl
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It is sometimes desirable to have a quantitative measure of the

dispersion of the noise in order to compare the relative merits of

different smoothing techniques. In order to estimate the dispersion

of noise in our positions. "/eiocities and acceleration a curve

fztti. _,program was useJ _o fit these smooth data at s_ccessiv._ time

inter_ _ A second degree polynomial was fitted to each ten-second
interw and residuals were calculated. The standard deviation of the

_esid _ wa_ :alculated for each interval_ It was assumed that _he

secon_ aegree polynomial was capable of following the general trend
the data over most of the ten-second intervals_ It was also _ _umed

at _e second-degree polynomial was not capable of following _he

_ise or other minor fluctuations in a ten-second interval Therefore

.e s_andard deviation of the residuals should be a fair estimate of

Le nolse level of the smoothed data. Figures 22 .'hrough 30 s_,ow these

icu_ated standard deviations for the smoothed positions, veloci._ies

d a eelerations. Generally the noise level in smooth UDOP positions

le_e_ than 2.0 meters, in smooth UDOP velocities is less tha_ 07

,ter pez second, and in smooth UDOP accelerations is less than 02

eter per second per second°

The achievement of smoothness is of little value if it is attain

th, expense of gross distortion of the original data It would

erteLnly not be feasible to use smoothing formulas which regularly

rod_ .ed systematic errors which exceed the noise level of th,_ smoot_

_ta It was therefore desirable to determine the magnitude f systt-_tic

ro1_ produced by our current smoothing and differentiatlo jrocedur_

synthetic trajectory program was used to generate smooth p_sitlons,

lo__ties and accelerations representative of a typical missile flig

nese smooth positions were then used as input to our curren_ _oth_

ad c..fferentiation program° These smoothed positions, velocities an_

._cce rations were then differenced with the smooth positions, velocit_

_nd e.eelerations generated by the synthetic trajectory. The difference

_dicate systematic errors introduced by the smoothing and dif_erentiar1"

-og_am_ Figures 31 through 39 show these differences As ,ught be

_pe__ed the differences only become appreciable at times of r_dical

_ys al change such as main engine cutoff (157.77 seconds). _ernier

_gi_e ignition (166.28 seconds), and vernier engine cutoff (176.29

econ3s_.

_CTION III (S) CONCLUSIONS

_t may be concluded that the current smoothing and differentiation

procedures are satisfactory'for most parts of a typical missile test

flight and for typical tracking instrumentation° The exceptions are

the times of rapid physical change such as main engine cutoff, vernier

engine ignition, and vernier engine cutoff. The attainment of equivalent

accuracy at these times requires additional observation and special

treatment. Investigation of these possibilities will proceed as time

permits.
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The noise level in the smooth UDOP positions is generally less than

2 0 meters. In the smooth UDOP velocities the noise level is generally

less than .07 meter per second and in the smooth UDOP accelerations is

generally less than °02 meter per second per second° The systematic

errors introduced by the smoothing and differentiation procedures are

generally ess than the noise _evels of the smooth data°
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(U) ABSTRACT

The reasons for the sele:tlon of the smoothing and dif-

f entlatlon _ormulas, wn%ch are currently used in calculation

o smooth missile positions, velocities and accelerations, are

s died. The formulas are described in detail and thei _ feet

i. illustrated. Approximate values of the noise level in the

sloo_h data are provided and the magnitude of systematic errors

d_ to these procedures is estimated,
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EC'. .... I. (S) INTRODUCTIO_

the analysis of missile test flights, velocities and _cceler-

ti_ _re the bases of many other calculations One method of determin-

.ng •cities and accelerations is by numerical differentiation of

_os: _on data. The position data may be obtained from ne of _evera!

.ype_ of instrumentation. The data contain random errors of observat

md :eduction as well as systematic errors. It is usually necessary "

_moe=h the data to obtain realistic numerical derivatives. The numer_ _

_moothlng and differentiation procedures have undergone consid_rable

_:vo! ionary change as a result of experience wi_h varied instrumentat _n

ais_ e ys'_ems_ and flight paths. The complexity of _he procedures __

inc_ ,_,, greatly Questions have frequently arisen concerning the

)re_ nt smouching and differentiation procedures and ehe reasor_ for

_sir these procedures, This report provides some answers by giving

_ome insight into the general problem of smoothing and dlffeza_"_iatlo -

_nd oy description of the currently used procedures.

n analyzing smoothZng and differentiation procedures it _ des

.o av£ some means of estimatln E the dlspar'ior of noise in poultice

•el: _eo, and accelerations A merhod has been _-v!sed for do!ng

nd _ described briefly° A method _= also descr_ md applied fc

_et -_nin_ the systematic errors introduced by the _,._ ing ....:a di_.

:nt_tion procedures°

_EC _ _N II (S) SMOOTHING AND DIFFERENTIATION PROCEDIR_ES CURRENTLY

IN USE -

Development

the smoothing procedures now in use in the Daea ke_ut_. _n

gen '[y use moving arc smoothing formulas. In this operauior a c

is d to an arbitrary number of points which are usually s_ _al

at _ed time interval and represent a segmen5 of a time se__ _.

.r _ points, usually the central point, is adjusted to con_o ...._

_o e fitted curve, Then the curve fit formula is _hifted al_:ng n-

=im eries so that one new point is added to the set and one old pc

at e other end of the series is removed. The fitting and adjustmer

pro:,:dure is then reapplied to the new set, leading to the ad_u_men

a _:_at adjacent to the previously adjusted point_ This procedure _

be _ontinued over a major portion of a time series. This polnt-by-pu£_:n

moving arc smoothing reduces the discontinuities due to end effects _c

a mlnimumby distributing them among all the intervals.

'he early smoothing procedures employed involved unweighted poly

nomad, approximation by least squares and orthogonal polynomial fcr_,..:ul_

Later i= was found that the smoothing formulas derived by L. S. Deder,_k

(Ret I) were convenient and gave superior results. The goal of a _m_e_h-

ing _ _ula is to increase the smoothness of the data without excess: TM



increasing the adjust:::nts necessa_, to achieve thi_ smoothness. The

smoothne._:s and _djo_t_ents may be _neasured in terms of the ,magnitude of

the nth _ :_r :_i; e ences and the magnitude of the _iduals

fhe _ocl[ie_ and accelerations calculated by numezical diffez--

.io, _requently showed oscillations of considerable amplitude

_tat._n or reduction of these oscillations, which were considered

lis ._c, was required_ The amplitude of these oscillations increased

,.y_th an increasing degree of the smoothing formula. Thus it was

: _ble to use as low a degree as possible without causing gross

_rtic: of the original data° It was found that a degree lower than

_d c_ .td not be used with the point spreads that were being considerea

z J dt_ree Dederick smoothing formulas of increasing point spread

w, ,pp:_ed to actual data. In that way a high degree of local

_ ane: _ could be achieved while the data still contained very di_tinc_

:, _at_ns of considerable amplitude. It was apparent that the

o _iations could be reduced by increasing the point spread of the

d d,:_ree smoothing so as to encompass several oscillations, Thus

)rm _ would not be able to _ollow the individual oscillatior_s and

therefore reduce their amplitudes. Our smoothing formula was

.ded _o cover a 20-second t_e interval in order to accomplish this

rio in the oscillations° One-tenth of a second time steps means

a _ point smoothing formula° This large number of points would

:he calculation time on a machine appreciable and the build-up of

:e=of errors might be appreciable also_ The difficulty was

a _viat;<. by using a I01 point, second degree smoothing formula which
every second point in the sequence° A further improvement in the

smoothness of the velocities and accelerations was achieved b\

g a econd pass smoothing of forty-one points and second degre =

J

Vhi_ =_othing procedure has the disadvantage of not being able to

ve nv physical fluctuation having a period and amplitude similar

le than that of the oscillations, The characteristic Math _ne

:'ba_,e is of sufficient period and amplitude to remain discinc_

,er, _e characteristic engine cutoff pattern would be grossly

_rtec oy this smoothing procedure. In order to preserve the

cte _stic engine cutoff pattern, the point spread of the smoothing

ere ed in steps as the time of cutoff is approached. After autoff

the )oint spread is increased in steps back to that of the general

_ao Although this permits the preservation of the general

-_te _stic pattern it leaves both noise and oscillations in the data

v inity of cutoff. Smoother values of accelerations are

abl= for _se in other calculations. Therefore a second degree

qomi_ is fitted to the ten seconds of acceleration data inm_ediately

-din_ c_toff. This polynomial is evaluated to get smooth

erac _ns for the five seconds immediately preceding cutoff.

ar _.:ond degree polynomial is fitted to the ten _econds of

.erac_on data immediately following the chamber _r_ _sure level-off

_w_ng cutoff. This polynom_ai _s evaluated to _et smooth accelerations

=he _ ve seconds immediately following chamber pressure level-off

d

,I J . , . -u_
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_e

, _:_ial procedures are a[=o used for smoothing and differentiation

beginning and at Lne end of the time ser_es. These involve _

_horter poin_ spreads _nd asymmetric formulas.

6eneral purpose smoothing and differentiation program _tzliz_,

Dedt _ oefficients was developed in the Test Data Processing Sec,.c

?his _gzam was used in some of our studies. It was possible to

_ele .ny point spread up through twenty-five and any degree up th_ =gl

om A nu_er of programs utilizing higher point spreads were prepared

_y W_eon L. Whigham of the Test Data Processing SectiOn for use in the

studes,

Obviously the procedures could be greatly improved if the oscilla

:ior: could be kept from developing. It has been discovered that so_,_

....ont_ibution to the oscillations may be due to roundoff exceeding the

ela ive accuracy of the data. This phenomenon has been studied ant

eported (Ref 2). It may be possible to eliminate this source of
>sciilations. It has also been established that some contribution to

_he oscillations is due to the smoothing of random noise. This

phenomenon has also been studied and reported (Ref_ 3). This latte_

oscillation source cannot be easily eliminated since it is due o_ly

:o tae randomness of the noise and the sampling rate. Other sources o=

_sc_llations in the various types of tracking instrumentation a_so ev_

2o Description

The present smoothing and differentiation procedures are

#roga_ued for _he IBM NOo 709. The input to the program is trajectory

pos: _on data calculated at a fixed time interval_ The program consz_t_

_f two main parts In the first part the position data are smoothed,

ind first and second derivatives are calculated at each time step usi,

:he=e smoothed positions° In the second part of the program the

al, _lated velocities and accelerations are smoothed and a second degree

ur', fit is used to obtain smooth accelerations near cutoff time.

ao Initial equations of the first part

Jo = Uo = Uo = 0 when t o _ tto

. m

(3Uo+ u2-u4) when to > tto

Uo : Uz - (U2 Uz)

Uo = Uz - (U_ - Ux)

when to > tto

when to > tto

- i
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2_t

&.

5
At 2

u

_2

i Ci Ui+ a

.... re ' s _ay be found in Column A of Table I.

-" Us - UI
b -

IAt

Q

[,

(e

At 2

+3

= i ci Un+i when 3 _ n _ 14

i=-e

t_

2.
U

,may be found in. Column B of Table i=

Un+ l - Un_:

2_t
when 3 < n < 14

Un+ i - 2U n + Un. z

At 2
when 3 < n < 14

(6)

(7)

(8)

(9)

(_0)

(12)

,',:.3)

t15

Un- I

i=- 15

C i Un+ i when 15 S n _ 24

where the C's may be found in Column D of Table io

For U n and Un when 15 _ n _ 24 see Equations (12) and (13).

+25

- Z5 -_ C i Un+ I when 25 < n < 49

i= -R5

(14)

(15)
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where he C's may be found "in Column F of Table 1.

Un and Un when 25 _i n _ 49 see Equations (12) and (13).

) Ci Un+ i when 50 < n < 99
/, -- --

i=-50

:re the C's may be found in Column G of Table i.

ee

Fo= Un and Un when 50 _< n 5 99 see Equations (12) and (13).

b. General equations of the first part

t50

B_ = I C i Un+_i when i00 _< n < (tco ,_ i01 At)

L=-50

ere _ne C's may be found in Column G of Table i.

Un+2 " Un-R

4Z_t

(16_

(17)

(18_.

Un+ _ - 2U n + Un_ e

2At 2
(19_

e. Cutoff equations of the first part

_r _n, Un, Un:

when tco - i00 At _< n _< tco -_ 51 At see Equations (16), (12) (13

when tco - 50 At ..<n < tcc 26 _t see Equations (15), (12) (13).

\

_.= - lO

Ci Un+ i when tco - 25 At _ n _ tco+ 25 At (20_

#here _ne C's may be found in Coltmm C of Table i.

_. ..

For Un, Un when tco - 25 At < n < tco + 25 At see Equations._12),
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For Un, Un' Un:

when tco + 26 At _< n < tco + 50 At see Equations (15), (12), (13),

wh_ T 51 At < n < tco + i00 At see Equations (16), (12), (13)
CO

wh _ _co + i01 At < n < tL - i00 At see Equations (17), (18), (19).

d° Terminal equations of the first part

For Un, U n, Un :

wh=n tL - 99 At < n _< tL - 50 At see Equations (16), (12), (13),

w_ an tL " 49 At < n < tL - 25 At see Equations (15), (12), (13),

when tL - 24 At _< n _< t! - 15 _t see Equations (I_), (12), (13),

when tL - 14 LXt _< n < =L - 3 At see Equations (ii), (12), (13"_

+_

V--

i=-2

C i UL_e+i

ce s may be found in Column A of Table i.

m m

-- UL-I " UL-s

UL - = 2At

-- UL_ i - 2UL_.o + UL- 3

UL_ = = At 2

-- i 2_L_ e + -- --UL- 1 = _ (3UL-i + UL- s - UL.5)

--" UL " _L-2

UL- 1 = 2At

m m m

-. UL - 2UL. i + UL. 2

UL- I = At e

(21)

(22)

(23_

(24)

(25)

(26)

L
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UL = _ (3UL + 2UL-I'+UL-2 " UL-4)

I- 12dt-_ (IIUL_4 "56UL-s + II4UL-e - 104UL-_ * 35UL)

(27)

(28)

(29)

Discontinuities exist in the smooth data at the junction points

_etw_n the different smoothing formulas These discontinuities result

very wild derivatives at these points. Special treatment was

_ece_sary at these changeover points when seven point spread smoothing

or greater was used_ A maxlmum of four points of velocity and accelera

ion were replaced at each junction. These replacements were based o_

second degree curve fit through the previous seven points of velocity

_nd _cceleration. The method of least squares was used for the curve fi_.

e, Junction point rep!acement.equations

"n _ Ao + Al t + A2 t2

Jn = Bo + Blt + B 2 t2

her A o, AI, A2, Bo, BI, Be are the coefficients obtained by the above
entioned least squares curve fits.

f. General equations of the second part

+20

,. = C i Un+ i

i=-2o

when 20 _ n _ tco- 51 At and

when tcp L + 51 At _ n _ tL - 20 At

(32)

chere C's may be found in Column E of Table i.

+20

Un = C i Un+i

i= -20

when 20 _ n _ tco - 51 At and

when top L + 51 At _ n _ tL - 20 At

_hez, 's may be found in Column E of Table i_

go Cutoff equation of the second part
&

N

Un = A o + Al t + A2 t2 when t ,_ 50 At < n < t
CO -- -- CO

( 34%



This second degree curve fit is obtained by applying the method of
least squares to the one hundred points preceding tco°

I.'_,.... Be -- _, - Be t2 whentcp L__ n _<tcp L -- 50 _t (35)

,,_s second degree curve fit is obtained by applying the method of

east squares to the one hundred points following tcp L.

" _e actual calculations in the program are carried out in two

: stii.,:_ passes through the data The smoothing of the positions and

calculation of velocities and accelerations are done in the first

:_ss. The application of the various formulas of the first pass to

e p rticular parts of the trajectory is sunmmrized in Figure i

_ails of the application of the smoothing formulas in the first pass

"e i_lustrated in Figures 3 through 5,

The smoothing of velocities and accelerations and the curve fittlng

5 accelerations in the vicinity of cutoff are done in the second pass

_e application of the various formulas of the second pass to the

,rticular parts of the trajectory is sunmmrized in Figure 2_

Effects

The significant factor concerning these smoothing and

:ffe entiation procedures is their effectiveness -i_ producing _ooth

r _!istic ve].oeity and _.cce_eration data, Figures 6 throug_ 8

ow -elocities which were calculated by the current smoothing _n_

fe entiation program, The data used in the calculations were at a

--t _tb second time interval whereas the data used in the gra[_n_

e elected at one second time intervals Figures 9 through _ sho_

3me _s of the velocity data on a smaller scale in order to illustrat<

fecc_vely _he local smoothness. These data are at the one-tenth

cond time interval which was _sed in the calculations. Figures 14

rouen 16 show accelerations which were calculated by the current

_,_.oot_ing and differentiation program. The data used in the calculatloI_

_ere one-tenth second time interval whereas the data used in the

raphs were selected at one-second time intervals° Figures 17 throug_

sho_ 3egments of the acceleration data on a smaller scale in order

:, ilie_trate effectively the local smoothness° These data are at
:qe one _e_t_ second time interval which was used in the calculations,

It will be noted that some problem areas remain in these procedures

the discontinuities in accelerations at the end points of the curve

fit data preceding and following cutoff represent a difficulty which

needs further improvement. The noise and oscillations which remain in

the acceleration data for the period of thrust decay represent another

problem area_ These difficulties are clearly manifested in Figures

20 and 21 and will be eliminated as time permits.



_ sometimesdesirable to have a quantitative measureof the
spe on of the noise in o,_er to comparethe relative merits of

a_ffe _t smoothing techniques In order to esti_te _ne dispersion
noise in our positions> velocities and accelerations & curve

_tJ _ ]_rogramwas used to fit these smooth data at successive _ime
ateI., A _e_d degree polynomial was fitted to each ten-second
_=ez a_.c_esiduals were calculated. The standard deviation of the

_si_ s wa_ calculated for each interval° It was assumed that the

eco_ degree polynomial was capable of following the general trend

f th_ data over most of the ten-second intervals_ It was also assumed

nat the second-degree polynomial was not capable of following the

_ise or other minor fluctuations in a ten-second interval Therefore

_e s_andard deviation of the residuals should be a fair estimate of

Le noise level of the smooth,:_ data. Figures 22 through 30 show these

alculated standard deviations for the smoothed positions, velocities

_nd accelerations. Generally the noise level in smooth UDOP positions

less than 2.0 meters, in smooth UDOP velocities is less than .07

_tez _ez second, and in smooth UDOP accelerations is less than .02

te_ _e_ second per second

_e achievement of smoothness is of little value if it is attained

th_ expense of gross distortion of the original data It wo_id

erta_nly not be feasible to use smoothing formulas which regul_rly

.rodtced systematic errors which exceed the noise level of the _moothe_

d=ta It was therefore desirable to determine the magnitude of oysteL_: .

rrors produced by our current smoothing and differentiation procedure=

synthetic trajectory program was used to generate smooth posit_ons,

lo¢ities and accelerations representative of a typical missile flight

._ese smooth positions were then used as input to our current smoothing

nd _fferentiation program_ These smoothed positions, velocities an_

¢ceierations were then differenced with the smooth positions, veloeiti,

nd _eelerations generated by the synthetic trajectory_ The difference

_dic _ systematic errors introduced by the smoothing and different_ _ n

)rogram Figures 31 through 39 show these differences As migh_ be

_pected the differences only become appreciable at times of rad_¢_l

_hysical change such as mmin engine cutoff (157.77 seconds), vernier

_ngine ignition (166.28 seconds), and vernier engine cutoff (176.29

_econds)

_ECTION ili (S) CONCLUSIONS

__ may be concluded that the current smoothing and differentiation

procedures are satisfactory'for most parts of a typical missile test

flight and for typical tracking instrumentation° The exceptions are

the times of rapid physical change such as main engine cutoff, vernier

engine ignition, and vernier engine cutoff. The attainment of equivai_

accuracy at these times requires additional observation and special

treatment. Investigation of these possibilities will proceed as time

permits.
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The noise level in the smooth UDOP positions is generally less than

2 0 meters. In the smooth UDOP velocities the noise level is generally

less than .07 meter per second _nd in the smooth UDO# accelerations is

genelally less than _02 meter p_ _econd per second The systematic

errors introduced by the smoochi_.g and differentiation procedures are

gener_lly less than the noise levels of the smooth data,
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